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The thin slab propagator

I The thin slab propagator

∂k p̂ + sρv̂k = f̂k

sκp̂ + ∂r v̂r = q̂

where

p̂(xm, s) = L[p(xm, t)]

κ compressibility modulus

(1)

I Reduced system

I The coupled system of one-way equations

I The propagator
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The thin slab propagator

I The thin slab propagator

I Reduced system
to handle horizontal velocity of the particle

v̂µ = −ρ−1s−1(∂µp̂ − f̂µ)

I The coupled system of one-way equations

I The propagator
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The thin slab propagator

I The thin slab propagator

I Reduced system
from which we obtain the matrix differential equation

(∂3δI ,J + sÂI ,J)F̂J = N̂I

F̂1 = p̂ , F̂2 = v̂3

Â1,1 = Â2,2 = 0

Â1,2 = ρ

Â2,1 = −Dν(ρ−1Dν) + κ

N̂1 = f̂3 , N̂2 = Dν(ρ−1 f̂ν) + q̂

I The coupled system of one-way equations

I The propagator
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The thin slab propagator

I The thin slab propagator

I Reduced system

I The coupled system of one-way equations

(∂3δI ,M + sΛ̂I ,M)ŴM = −(L̂−1)I ,M(∂3L̂M,K )ŴK + (L̂−1)I ,M N̂M

I The propagator
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The thin slab propagator

I The thin slab propagator

I Reduced system

I The coupled system of one-way equations

I The propagator
For the coupled system, we can get the operator

(Ĝ û)(xµ, x3) =

∫
ζ∈R

∫
x ‘ν∈R

Υ̂(xµ, x3; xν ‘, ζ)û(xµ‘, ζ)dx1‘dx2‘dζ

with the initial conditions

(∂3 + sΓ̂)Û = 0 , for x3 > ζ , Û(xµ,ζ;ζ) = û(xµ, ζ)

we get

(Ĝ û)(xµ, x3) =

∫ x3

ζ=−∞
Û(xµ, x3; ζ)dζ

where

Û(xµ, x3; x3‘) = ±H(∓[x3‘− x3])


x3∏

ζ=x3‘

exp[−sΓ̂(xµ, ζ)dζ]

 û(xµ, x3‘)
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The thin slab propagator

I The thin slab propagator

I Reduced system

I The coupled system of one-way equations

I The propagator
then ,for a thin slab (4x3, sufficiently small), we have the propagator

p̂(αµ, x3;αν“, x3‘) '
∫

exp[is(ασ−ασ“)xα]exp[−sγ̂(xµ, x3−
1

2
4x3, αν“, s)4x3]dx1dx2
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I the optimization approximation method is

I we get

I then the propagator is
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The approximation method

Consider the 3-D acoustic one-way equation

∂

∂z
U(x , y , z, ω) = i

√
ω2

c2
+

∂2

∂x2
+

∂2

∂y2
U(x , y , z, ω)

I the optimization approximation method is

I we get

I then the propagator is
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The approximation method

for which, the thin slab propagator is

g(x , y , z; x ‘, y ‘z‘) '
1

4π2

∫
exp

[
i

√
ω2

c2(x , y , z“)
− (k2

x + k2
y )4 z

]
·exp[i(kx (x−x ‘)+ky (y−y ‘))]dkxdky

where z“ = z‘ + 1
2
4 z

I the optimization approximation method is

I we get

I then the propagator is
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The approximation method

Let us take the kernel

A(u, k) = exp
[
i
√

u2 − k2dz
]

u =
ω

c(x , y , z)
, k2 = k2

x + k2
y

I the optimization approximation method is

I we get

I then the propagator is
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The approximation method

I the optimization approximation method is
To find functions φ(u) , ψ(k) and a complex number λ, such that

||A(u, k)− λφ(u)ψ(k)∗||L2 = minφ̄,ψ̄,λ̄||A(u, k)− λ̄φ̄(u)ψ̄(k)∗||L2

where

φ̄ ∈ {φ̄(u) ∈ L2[a, b], || ¯φ(u)|| = 1

ψ̄ ∈ {ψ̄(u) ∈ L2[c, d ], || ¯ψ(u)|| = 1

I we get

∫ d

c
A(u, k)ψ(k)dK = λφ(u)∫ b

a
A(u, k)∗φ(u)du = λ∗ψ(k)

I then the propagator is
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The approximation method

I the optimization approximation method is

I we get

Which is transformed into an independent self-adjoint system of integral
equations, given by

∫ b

a

∫ d

c
A(u, k)A(ū, k)∗φ(ū)dūdk = |λ|2φ(u)∫ b

a

∫ d

c
A(u, k)∗A(u, k̄)ψ(k̄)dudk̄ = |λ|2ψ(k)

I then the propagator is
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The approximation method

I the optimization approximation method is

I we get

this integrals can be approximated by

m∑
i=1

 n∑
j=1

4u4 kA(ul , kj )A(ui , kj )
∗

φi

I then the propagator is
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The approximation method

I the optimization approximation method is

I we get

then, we have

Fφ = |λ|2φ
Gψ = |λ|2ψ for the second equation.

I then the propagator is
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The approximation method

I the optimization approximation method is

I we get

Clearly

F = AAH

G = AHA

I then the propagator is
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The approximation method

I the optimization approximation method is

I we get

and we have the approximation

A(u, k) ' λ1φ1(u)ψ1(k)∗

I then the propagator is
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The approximation method

I the optimization approximation method is

I we get

which can be optimized as

A(u, k) '
s∑

l=1

λlφl (u)ψl (k)∗

I then the propagator is
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The approximation method

I the optimization approximation method is

I we get

I then the propagator is
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The approximation method

I the optimization approximation method is

I we get

I then the propagator is

g(x , y , z; x ‘, y ‘z‘) =
1

4π2

s∑
l=1

λlφl (u)

∫
ψl (k)∗exp[i(kx (x−x ‘)+ky (y−y ‘))]dkxdky
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