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Grid: x, y, z ∈ [a, b], n partitions
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Regular and Critical Points - First step

Local classification
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Regular and Critical Points

Definition 1

Let M ⊂ R3 be a mesh and F : M → R be a C0− continuous
function that is C∞− continuous function in each grid cell. A point
x ∈ R3 is called regular or ordinary, minimum, maximum, saddle, ex-
tended minimum, extended maximum, extended saddle, or flat point
of F , if for all ε > 0 there exists a neighborhood U ⊂ Uε(x) with
the following properties:

(Weber, Scheuermann, Hagen, and Hamann 2002)
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Regular and Critical Points

Definition 1

If
np⋃
i=1

Pi is a partition of the preimage of [F (x),∞) in U − x

into ”positive” conected components,
nn⋃
j=1

Ni is a partition of the preimage of (−∞, F (x)] in U − x

into “negative” connected components and
nz⋃
k=1

Zk is the partition of the preimage of {F (x)} in U − {x}

into “zero set” connected components, then
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Regular and Critical Points

Regular point

np = nn = nz = 1
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Regular and Critical Points

Minimum

np = 1 and nn, nz = 0
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Regular and Critical Points

Maximum

nn = 1 and np, nz = 0
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Regular and Critical Points

Saddle

np + nn > 2, nn, np ≥ 1, nz > 1
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Regular and Critical Points

Flat point

nz = 1 and np = nn = 0

Jhon Bernal Critical Point and Regions October, 2018 11 / 32



Regular and Critical Points

Extended minimum

np = 1, nn = 0, nz ≥ 1
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Regular and Critical Points

Extended maximum

nn = 1, np = 0, nz ≥ 1
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Regular and Critical Points

Extended saddle

np + nn > 2, nz = 1
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Regular and Critical Points

Example
f(x, y, z) = x2 + y2 + 0.5z3 − 0.4975z2 − 0.0025

[−1.5, 1.5], n = 10
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Regular and Critical Regions - Second step

Classification Regions
f(x, y, z)
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Regular and Critical Regions

Classification Region
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Regular and Critical Regions

Definition 2

Let M ⊂ R3 be a mesh and F : M → R be a C0− continuous
function that is C∞− continuous function in each grid cell.
A classification region R ⊂ R3 is called regular , minimum, maximum,
saddle of F , if for all ε > 0 there exists a neighborhood U ⊂ Uε(R)
with the following properties:

(Weber, Scheuermann, and Hamann 2003)
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Regular and Critical Regions

Definition 2

If
np⋃
i=1

Pi is a partition of the preimage of [F (R),∞) in U −R

into ”positive” conected components,
nn⋃
j=1

Ni is a partition of the preimage of (−∞, F (R)] in U −R

into “negative” connected components and
nz⋃
k=1

Zk is the partition of the preimage of {F (R)} in U −R

into “zero set” connected components, then

Jhon Bernal Critical Point and Regions October, 2018 19 / 32



Regular and Critical Regions

Minimum region

np ≥ 1 and nn = nz = 0
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Regular and Critical Regions

Maximum region

nn ≥ 1 and np = nz = 0
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Regular and Critical Regions

Maximum region

nn ≥ 1 and np = nz = 0
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Regular and Critical Regions

Saddle region

np + nn > 2 and nz = 1
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Regular and Critical Regions

Regular region

np = nn = nz = 1

Jhon Bernal Critical Point and Regions October, 2018 23 / 32



Regular and Critical Regions

Regular region

np = nn = nz = 1

Jhon Bernal Critical Point and Regions October, 2018 23 / 32



Regular and Critical Regions

Regular region

np = nn = nz = 1

Jhon Bernal Critical Point and Regions October, 2018 23 / 32



Example

f(x, y, z) =
(
3x2 + 2y2 + z2

)
e−x

2−y2−z2

Grid: [−2, 2], points: 123. Classification region.
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Example

f(x, y, z) =
(
3x2 + 2y2 + z2

)
e−x

2−y2−z2

Grid: [−2, 2], points: 123. Classification region.
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Example

f(x, y, z) =
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3x2 + 2y2 + z2

)
e−x

2−y2−z2
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Example

f(x, y, z) =
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3x2 + 2y2 + z2

)
e−x

2−y2−z2
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Example

f(x, y, z) =
(
3x2 + 2y2 + z2

)
e−x

2−y2−z2

Grid: [−2, 2], points: 123. Classification region.
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Example
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)
e−x

2−y2−z2
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Example

f(x, y, z) =
(
3x2 + 2y2 + z2

)
e−x

2−y2−z2

Grid: [−2, 2], points: 123. Classification region.

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2
1.0

0.8
0.6

0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2
1.0

0.8
0.6

0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2
1.0

0.8
0.6

0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2
1.0

0.8
0.6

0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2
1.0

0.8
0.6

0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2
1.0

0.8
0.6

0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

X

0.4
0.2

0.0
0.2

0.4

Y

1.2 1.0 0.8 0.6 0.4

Z

0.4

0.2

0.0

0.2

0.4

Classification region
Negatives
Positives

Jhon Bernal Critical Point and Regions October, 2018 24 / 32



f(x, y, z) =
(
3x2 + 2y2 + z2

)
e−x

2−y2−z2

Grid: [−2, 2], points: 123. Classification region.
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f(x, y, z) =
(
3x2 + 2y2 + z2

)
e−x

2−y2−z2

Grid: [−2, 2], points: 123. Classification region.
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f(x, y, z) =
(
3x2 + 2y2 + z2

)
e−x

2−y2−z2

Grid: [−2, 2], points: 123. Classification region.
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f(x, y, z) =
(
3x2 + 2y2 + z2

)
e−x

2−y2−z2

Grid: [−2, 2], points: 123. Classification local point.
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f(x, y, z) =
(
3x2 + 2y2 + z2

)
e−x

2−y2−z2

Grid: [−2, 2], points: 123. Classification local point.
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Classification local point
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4 critical regions and 1 critical point.
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4 critical regions and 1 critical point.
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4 critical regions and 1 critical point.
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4 critical regions and 1 critical point.

X0.4 0.2 0.0 0.2 0.4Y
1.2

1.0
0.8

0.6
0.4

Z

0.4

0.2

0.0

0.2

0.4

Saddle region Classification region
Negatives
Positives

X
0.4

0.2
0.0

0.2
0.4

Y 1.21.00.80.60.4

Z

0.4

0.2

0.0

0.2

0.4

Saddle region Classification region
Negatives
Positives

X
0.20.10.00.10.20.30.40.5

Y
0.20.10.00.10.20.30.40.5

Z

0.2
0.1

0.0
0.1
0.2
0.3
0.4
0.5

Local minimum Grid point
Positives

X

1.2
1.0

0.8
0.6

0.4Y

0.4 0.2 0.0
0.2

0.4

Z

0.2

0.0

0.2

0.4

0.6

0.8

Maximum region Classification region
Negatives

X

1.2
1.0

0.8
0.6

0.4
Y

0.4 0.2 0.0 0.2 0.4

Z

0.2

0.0

0.2

0.4

0.6

0.8

Classification region
Negatives

Jhon Bernal Critical Point and Regions October, 2018 31 / 32



4 critical regions and 1 critical point.
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